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Abstract—Superconducting state in mesoscopic cylinder
placed in the external magnetic field is analyzed at general de
Gennes boundary condition for the order parameter. The
lower and the surface critical fields of the cylinder are calcu-
lated at different values of de Gennes “extrapolation length”
b. For the case of standard boundary condition (correspond-
ing to b → ∞) we use a variational method to calculate the
phase transitions between different superconducting states.
Based on the trial function for the order parameter, we find
an approximate solutions to the Ginzburg-Landau equations
for the Meissner, the single-vortex, and the giant-vortex states.
The magnetization curves of thin cylinders are calculated.
I.  INTRODUCTION
The vortex phases in mesoscopic superconductors are
under considerable current interest now (see, for example
[1]-[6]). It is known that a type-II superconductor is char-
acterized by the lower 1cH , upper 2cH , and surface 3cH
critical fields. Usually, the phase diagram of the supercon-
ductor has the following main features. Below 1cH  the
vortex-free state (the Meissner state) is the most energeti-
cally favorable phase. The multi-vortex state (the Abri-
kosov phase) becomes energetically more favorable be-
tween 1cH  and 2cH . In the vicinity of 2cH  the phase
with the giant-vortex in the center  of the  sample carrying
L > 1 flux quanta has the lowest energy, and Abrikosov
vortices merge into this structure. In this case, the order
parameter is strongly suppressed in the inner part of the
sample, and this state can be referred to a surface super-
conductivity. With further increasing of the applied mag-
netic field H, phase transitions between different giant-
vortex states are observed, and the superconductor comes
to the normal state at H = 3cH . Note that both the values
of 1cH  and 3cH  depend on the sample sizes and geome-
try.
In this paper, we study the phase diagram of type-II su-
perconducting cylinder allowing for general de Gennes
boundary condition for the order parameter f [9]:
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where b is “extrapolation length”, R is the cylinder radius.
This condition should be used for the interface of super-
conductor and normal metal, for anisotropic and high-Tc
superconductors, or when the surface of the superconductor
has some defects. Here and below we use a dimensionless
variables: the distances, the magnetic field H, and the order
parameter are measured in units of ξ(T), 2cH , and
βα /− , respectively, where ξ (T) is the coherence length,
α, and β are the Ginzburg-Landau (GL) coefficients. First,
we calculate the dependences of 1cH  and 3cH  on the cyl-
inder  radius  at  different  values  of  b  at  GL  parameter
κ >> 1. This allows us to reveal the main features of the
phase diagram of the cylinder at different b. We show that
the phase diagram depends appreciably on value of b. After
this, we study in a more detail the phase diagram of the
cylinder at standard boundary condition (b → ∞) and arbi-
trary κ. For this purpose, we apply a variational approach.
Based on the trial function for the order parameter, we
solve GL equations for the Meissner state, single-vortex
state, and giant-vortex state. The model enables us to find
explicit expressions for the dependence of the lower critical
field of the cylinder 1cH  on its radius and κ . Phase
boundaries between different superconducting states are
studied and an equilibrium phase diagram of thin cylinder
is obtained. We calculate the magnetization curve of thin
cylinder, which can carry only several quanta of magnetic
flux.
II. CRITICAL FIELDS AT DIFFERENT b
If the order parameter has the axial symmetry inside long
cylinder, it can be presented as )exp()( Lirf ϕ , where r is
the dimensionless radius-vector in the cross-sectional area
of the cylinder, ϕ  is the azimuthal angle, and L is the an-
gular quantum momentum (L= 0, 1, 2,…). If L= 0 this state
is the Meissner state, if L= 1 it is the single-vortex state,
and at L > 1 it is the giant-vortex state.
In the vicinity of 3cH  the magnetic field is assumed to
be constant throughout the cylinder and the first GL equa-
tion can be linearized. The solution of the resulting equa-
tion is [10]:
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where Φ is Cummer function. Expression (2) should meet
boundary condition (1) at the cylinder surface, therefore,
3cH  is determined by b and R. At each R one should
choose the maximum value of 3cH  among those, corre-
sponding to different L. The resulting dependence )(3 RH c
is  shown  in  Fig. 1 at b = 1 (curve 1), b = 5 (curve 2), and
b → ∞ (curve 3). The numbers below the curves )(3 RH c
characterize the angular quantum momentum L of corre-
sponding vortex states. It is clearly seen that the behavior
of )(3 RH c  depends appreciably on b. The surface super-
conductivity is suppressed with decreasing of b. At b = 1
and R → ∞ the difference between )(3 RH c  and 2cH  is
just a few percent, and the oscillations of )(3 RH c  are
practically indistinguishable on curve 1.
The lower critical field is the value of the external mag-
netic field at which the energies of the Meissner state and
the single-vortex state become equal. In both cases the or-
der parameter and the magnetic field have axial symmetric
distributions inside the cylinder. When κ >> 1, it can be
supposed that the magnetic field is constant throughout the
sample. In this case, in order to find the energies of the
Meissner and the single-vortex states one has to solve a
single nonlinear first GL equation. We have solved this
equation for two limiting cases of the boundary condition
for the order parameter, b = 0 and b → ∞. The former case
corresponds to the interface of superconductor and normal
metal, the latter to the interface of low-Tc superconductor
and vacuum. The resulting dependences 1cH (R) are shown
in Fig. 2 and 3 (curves 1) at b = 0 and b → ∞, respectively.
In the same figures the dependences )(3 RH c  are also
plotted. It is seen from the phase diagram in Fig.2 that the
giant vortex phases do not nucleate at b = 0.
Let us discuss the phase diagram at b = 0 (Fig. 2). It in-
cludes the normal state (region A), the vortex state (region
B), and the vortex-free superconducting state (region C). In
decreasing applied field, when R > 4.14 the cylinder first
passes from the normal state to the superconducting vortex-
free state (to the region C rapidly narrowing with increas-
ing R). Then at H = Hc1 (R) (upper branch of curve 1) it
passes  to  the  region  of  the  vortex  state  B.  Finally, at
H = Hc1 (R) (lower branch of curve 1) it passes again to the
vortex-free state C. When R < 4.14 the cylinder comes from
the normal to the Meissner state by-passing the vortex
phase (curve 2). The surface critical field is smaller than
Hc2 (curve 3) at b = 0. The phase diagram at b → ∞ is
studied in a more detail in the next section.
III. PHASE TRANSITIONS AT STANDARD BOUNDARY
CONDITION
In this section we study the phase transitions between
different superconducting states with axial symmetric dis-
tributions of the order parameter and the magnetic field at
standard boundary condition (b → ∞). For this purpose, we
use a variational method and solve GL equations using trial
function for the order parameter:
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where Lf  and Lr  are variational parameters. The values of
Lf  and Lr  can be calculated self-consistently by minimi-
zation of the total GL free energy of the cylinder. Compar-
ing the energies of the states with different L one can cal-
culate the phase boundaries corresponding to the transitions
from L to L + 1. The resulting equilibrium phase diagram is
shown in Fig.3 at κ = 5. We found that the function
1cH (R) behaves in a similar way (scaling behavior) start-
ing with 2≈κ . Besides, at large κ the dependences
1cH (R) calculated by the variational and the numerical
methods (see the previous section) are practically indistin-
guishable from each other (curve 1, Fig. 3). In Fig. 4 for
illustration we plotted the typical distribution of the order
parameter inside the cylinder calculated within our varia-
tional approach. This state, which is most favorable ener-
getically, represents the giant vortex phase with L = 3.
The energy of the superconductor in the Abrikosov
phase, which can be energetically  more favorable  below
Fig. 1. The surface critical field versus cylinder radius R at different val-
ues of the Gennes “extrapolation length” b: b = 1 (curve 1), b = 5 (curve
2), b→ ∞ (curve 3). The numbers below curves denote the angular quan-
tum momentum of superconducting states. Hc3 and R are measured in units
of the upper critical field Hc2 and the coherence length ξ (T), respectively.
Fig. 2. The equilibrium phase diagram of the cylinder at b = 0 and κ >> 1.
Region A - normal state, B – vortex state, C – superconducting vortex-free
state. Curve 1 shows the lower critical field, curve 2 shows the boundary
between the normal state and the vortex-free state, curve 3 shows the
surface critical field. H and R are measured in units of the upper critical
field Hc2 and the coherence length ξ (T), respectively.
H = Hc2, can not be calculated in our model since the order
parameter is not axially symmetric in this case. Neverthe-
less, as can be seen from the phase diagram (Fig. 3), the
axial-symmetric states have the lower energy as compared
to the Abrikosov phase at small cylinder radius 75.2≤R ,
since the field of transition from L = 1 to L = 2 state is big-
ger than H = Hc2 in this case.
The model enables us to calculate the magnetization
curves of the cylinders with different radiuses. The typical
dependence is shown in Fig. 5 at R = 2.5. In this case the
cylinder is able to accommodate the giant vortex with the
maximum value of L equal to 3. Jumps in the magnetiza-
tion correspond to the transitions between different vortex
phases.
IV. CONCLUSION
We calculated the dependences of the lower and the sur-
face critical fields of long superconducting cylinder at dif-
ferent cylinder radiuses and at different boundary condi-
tions for the order parameter. This allows us to reveal the
main features of the phase diagram of the cylinder. We
showed that the phase diagram depends appreciably on the
boundary condition for the order parameter. We proposed a
variational model to study different vortex phases at stan-
dard boundary condition at the cylinder surface and calcu-
lated its phase diagram and magnetization.
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Fig. 5. The equilibrium field dependence of the magnetization of the thin
cylinder with the radius R = 2.5 at κ = 5, b→ ∞. Jumps in the magnetiza-
tion correspond to the transitions between different L - states. M and R are
measured  in  units  of the  upper critical field Hc2 and the coherence
length ξ (T), respectively.
Fig. 3. The equilibrium phase diagram of the cylindrical type-II supercon-
ductor (κ = 5, b→ ∞) in the applied magnetic field calculared by varia-
tional method. Curve 1 corresponds to the lower critical field Hc1; curve 2
corresponds to the surface critical field Hc3 calculated by the variational
method. The numbers below curve 2 denote the angular quantum mo-
mentum of superconducting states. H and R are measured in units of the
upper critical field Hc2 and the coherence length ξ (T), respectively.
Fig. 4. The spatial distribution of the order parameter in  the  cylinder  at
κ = 5, b→ ∞, H = 1.75 Hc2, R = 2.6, r is the distance from the cylinder
axis. The giant vortex with angular quantum momentum L = 3 is located
at the cylinder axis.
